Abstract: The parametric Insensitive H 2 control (IH 2 ) problem is a useful method to deal with some difficult applied control problems. Unfortunately, it is as yet unsolved. Some important applications exist however in the case where a single parameter of the process to control is uncertain (e.g. in the electricity or automotive domain). Although the heuristic used in these applications effectively reduces the closed-loop parametric sensitivity function, it does not lead to the optimal solution. This paper pursues three objectives. First, it generalizes the existing heuristic to the multiparametric case. Secondly, the IH 2 problem is shown to be equivalent to an auxiliary standard H 2 problem with structure constraints on the feedback solution. This result allows authors to propose an original Iterative LMI based algorithm. The third and last point demonstrates an implementation of the ILMI algorithm to deal with an automotive control designs and finally compares the obtained results to the previous ones. Copyright © 2002 IFAC 
INTRODUCTION
The robustness theory has produced numerous robust design methods. Many of them use a criterion (H 2 , H ∞ , L 1 , µ…) so as to quantify the quality of control. Two steps are required in this case to find the controller: 1-The definition of a pertinent criterion, 2-The resolution of an optimization problem. The robustness may be required a priori or verified a posteriori. Let us recall also that system modelling is, also, a trade-off between accuracy and usefulness. The question thus arises: how can a robust design, based on a suitable criterion, produce controllers with an adequate parametric robustness and allow that any matrix coefficient of the controlled system state space description be subjected to parameter uncertainties?. Basic versions of LQG/H 2 and H ∞ control design methods do not ensure such design requirements. In fact, this issue has motivated many contributions. Among numerous methods which try to reduce the parametric sensitivity (Eslami, 1994) , one can quote the parametric LQG/LTR method proposed in (Tahk, 1987) and the "desensitized LQG" control ((Begovich, 1992) , (Heniche, 1995) ). Approaches based on a modified H 2 cost functional to deal with parametric uncertainties have been discussed thoroughly before (Banjerdpongchai, 1996) , (Shirley, 2001) ). In fact, a variety of methods have been used in practice to try to make H 2 controllers less sensitive to parameter variations in structural systems. For a survey of the most promising of these techniques, the reader is referred to (Grocott, 1994) . The robust H2 control problem (Banjerdpongchai, 1996) belongs to this class of design problems. It is, in principle, the best posed design problem but probably the hardest to solve. In fact, we are interested in a design approach that must ensure the classical design specifications (nominal performance and robust stability) that is guaranteed by the nominal H 2 control, and also reduce the sensitivity of the nominal performance with regards to the system parametric variations. The principles of the IH 2 control problem were first presented in (De Larminat, 1996) . However, an efficient way to deal with it failed until now. Two approaches are investigated in this paper. The first consists in solving a close problem as proposed in ((Gay, 2000) , (De Larminat, 1996) ): The heuristic developed in ( (Gay, 2000) , (De Larminat, 1996) ) will be recalled and generalized to the multiparametric case. The second approach takes advantage of the (exact) reformulation of the IH 2 problem given in ) and proposes a numerical method based on an Iterative LMI algorithm. The two approaches will then be compared. Finally, the presentation of this paper is as follows: The IH 2 problem is first presented in section 2. Section 3 generalizes the heuristic proposed in ( (Gay, 2000) , (De Larminat, 1996)) to the multiparametric case. In section 4, the IH 2 problem is shown to be equivalent to a structured H 2 problem derived from an auxiliary model. It is then reformulated as a linear objective optimization problem under some BMI constraints. We finally propose an original method and an associated Iterative LMI based algorithm to solve this optimization problem. Section 5 applies and compares the two different methods to deal with an automotive design problem.
The Kronecker product of matrices:
Consider the scheme of figure 1 in which G is an LTI operator with partitioned inputs and outputs and ∆ is an unknown operator allowing the parametric uncertainties to be taken into account. 
Let also ∆ be defined by ( ) . 
In fact, the approximation (3) where
At the i th iteration, the augmented model i P of figure (4) is derived from 
, it is hopped that the heuristic will converge as: 
The controller order may rapidly become "unsuitable" in the multiparametric case ( 1) q > . The procedure proposed in (Gay, 2000) in order to have constant controller order along the iterations could be generalized to the multiparametric case. It is, however, difficult to evaluate how it will affect the convergence of the algorithmeven if it seems to give some results. We will designate this second heuristic by "Heuristic 2". The question thus arises: how far will the solution be from the IH 2 optimum? .
A NEW IH 2 P SOLUTION USING CONVEX OPTIMIZATION TOOLS
The starting point of the solution proposed in this section is the theorem (1) stated in . For simplicity's sake, this theorem is recalled next under the assumption that 
Figure 5: A structured H 2 problem
Proof: The detailed proof is given in 
It is commonly known that the dynamic output feedback design problem is a special case of the static one, assuming a certain structure for the plant matrices. The new control problem described by theorem (1) is equivalent to the static output feedback H 2 optimization problem that consists in finding a stabilizing static output feedback K with the following structure 
Because of the equality constraint on the static output feedback K , (4) cannot be simplified (as is usually done for the classical H 2 problem) to a convex optimization problem with LMI constraints. As a result we propose here to solve the IH 2 P using the ILMI algorithm that we first developed to tackle some constrained control design problems such as the H 2 and H ∞ decentralized control . The originality of this algorithm consists in using a close approximation (not too conservative) of some bilinear terms involved in (4). Generically, the constrained controller design problem (4) 
X K satisfies the constraint (6) . ii) For the particular choice
, the conditions (6) and (8) are equivalent. Proof: (see )) For a given matrix Q , finding ( , ) X K solution of the inequality (8) is straightforward as the problem is convex. In the following sections, we will designate this linear constraint, parameterized by Q , by ( , , ) Lmi Q X K . This parameterization has some advantages over existing ones. The solution of the BMI problem will coincide with the solution of a particular LMI belonging to the set Q S . So, a "sub-problem" will be to find the parameter Q that leads to the best approximation. The proposed ILMI algorithm is given next in a generic case. In fact, we consider the problem of minimizing a linear objective ( , ) J X K under the BMI constraint (6). The initialization: -For a stabilizing controller 0 K compute 0 X :
The k th iteration: -1 , and 
As with all local methods for solving BMIs, the choice for the initial value is important for convergence to acceptable solutions, which is a potential weakness of these methods. However this is not really a drawback in our case since we can use the standard H 2 controller (obtained for 0 Σ = ) 0 K .
COMPARISON AND TEST ON AN AUTOMOTIVE CONTROL
The practical interest of the new numerical algorithm proposed in this paper is shown in this example through a robust vehicle dynamics control as considered in (Gay, 2000) . The lateral velocity V y and the yaw velocity ψ& have to be controlled through two control inputs: the yaw moment C z that can be obtained by differential braking and the rear steering r α (see figure (7)). The vehicle must stay near to the desired trajectory as shown in figure (6). Disturbances acting on the vehicle can be summarized into the lateral force F and the yaw moment
The well known "bicycle model" given by (9) is used to describe the vehicle motions.
In this model, m denotes the weight, C the inertia, 1 l the front wheelbase, 2 l the rear wheelbase and ( , ) yv yr C C the nominal cornering stiffness. Note also that the model is parameterized by the road friction parameter µ which is, indeed, uncertain. The standard H 2 problem to be minimized to meet the control requirements is built following the Standard State Control methodology as adopted in (Gay, 2000 The controller 1 ( ) K s is obtained after only one iteration in order to have a controller of admissible order. In fact, for two iterations of the first heuristic presented in this paper, the controller order would be 52. It appears that the proposed ILMI algorithm gives significantly better results in term of the IH 2 criterion with a low order controller (the same as the system). The computational time is comparable for the two heuristics. A simulation test is now performed in order to observe the effect of the parametric sensitivity reduction. A lateral force step occurs at t=1s and a yaw moment step occurs at t=4s. Step responses obtained with 2 ( ) K s are clearly less sensitive to the road friction parameter. This example shows the interest of the IH 2 methodology together with the efficiency of the proposed ILMI algorithm. Note also that the resulting controller is of the same order as the H 2 controller. The ILMI algorithm has been initialized with the H 2 controller. In order to save computation time, "Heuristic 2" could also be used to find a refined starting point for the ILMI algorithm.
CONCLUSION
The insensitive H 2 control is an interesting way to deal with applied control design. Based on it, an efficient multivariable control design methodology can be proposed. This observation has motivated the present work. After having presented the Insensitive H 2 control problem, an existing heuristic ("Heuristic 1") has been generalized to the multiple uncertain parameters case. This heuristic suffers, however, from some drawbacks. First of all, it does not deal strictly with the IH 2 problem, but with an approximated one. Secondly it provides high order controllers. For these two reasons, the IH 2 problem has been revisited. The first step has consisted in proving that this problem is equivalent to an H 2 problem for a particular augmented plant with a structure constraint on the feedback loop. This equivalent problem has then been reformulated as a linear objective optimization problem under BMI constraints. Unfortunately, it cannot be reduced to a convex optimization problem by the usual techniques. So, the second step has consisted in proposing an original Iterative LMI numerical method to solve it. It seems to be both efficient and tractable. 
